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ラプラス変換と微分方程式

微 分: s をかけること 積 分:
1

s
をかけること

L[ dx(t)

dt
] = sx(s)− x(0) L[

∫ t

0
x(τ)dτ ] =

1

s
x(s)

� �
表の世界 入力 u(t) −→ 微分方程式 −→ 出力 x(t)

↓ ↑
ラプラス変換 逆ラプラス変換

↓ ↑
裏の世界 U(s) −→ 代数方程式 −→ x(s)� �



ラプラス変換と微分方程式

� �
例題 1. ẋ(t) + 2x(t) = 0, x(0) = 3 の解を求める.

x(s) = 3
1

s+ 2
x(t) = 3e−2t

� �
L[ ẋ(t) ] = sx(s)− x(0)

L[ e−at ] =
1

s+ a



ラプラス変換と微分方程式� �
例題 2. ẋ(t) + 2x(t) = u(t), x(0) = 3 の解を求める.

x(s) =
3s+ 1

s(s+ 2)
=

1

2

1

s
+

5

2

1

s+ 2

x(t) =
1

2
u(t) +

5

2
e−2t

� �
L[ ẋ(t) ] = sx(s)− x(0)

ステップ関数 u(t) : L[ u(t) ] = 1

s

L[ e−at ] =
1

s+ a

3s+ 1

s(s+ 2)
= A

1

s
+B

1

s+ 2



ラプラス変換と微分方程式
� �
例題 3. ẍ(t) + 3ẋ(t) + 2x(t) = 0, ẋ(0) = 2, x(0) = 1 の解を求
める.

x(s) =
s+ 5

(s+ 1)(s+ 2)
= 4

1

s+ 1
− 3

1

s+ 2

x(t) = 4e−t − 3e−2t� �
L[ ẋ(t) ] = sx(s)− x(0) L[ ẍ(t) ] = s2x(s)− sx(0)− ẋ(0)

L[ e−at ] =
1

s+ a

s+ 5

(s+ 1)(s+ 2)
= A

1

s+ 1
+B

1

s+ 2



ラプラス変換と微分方程式� �
例題 4. ẍ(t) + 3ẋ(t) + 2x(t) = u(t), ẋ(0) = 2, x(0) = 1 の解を求
める.

x(s) =
s2 + 5s+ 1

s(s+ 1)(s+ 2)
=

1

2

1

s
+ 3

1

s+ 1
− 5

2

1

s+ 2

x(t) =
1

2
u(t) + 3e−t − 5

2
e−2t

� �
L[ ẋ(t) ] = sx(s)− x(0) L[ ẍ(t) ] = s2x(s)− sx(0)− ẋ(0)

ステップ関数 u(t) : L[ u(t) ] = 1

s

L[ e−at ] =
1

s+ a

s2 + 5s+ 1

s(s+ 1)(s+ 2)
= A

1

s
+B

1

s+ 1
+ C

1

s+ 2



ラプラス変換と微分方程式
� �
例題 5. ẍ(t) + 2ẋ(t) + x(t) = 0, ẋ(0) = 3, x(0) = 1

x(s) =
s+ 5

(s+ 1)2
=

1

s+ 1
+ 4

1

(s+ 1)2

x(t) = e−t + 4te−t� �
L[ ẋ(t) ] = sx(s)− x(0) L[ ẍ(t) ] = s2x(s)− sx(0)− ẋ(0)

L[ e−at ] =
1

s+ a
L[ te−at ] =

1

(s+ a)2

s+ 5

(s+ 1)2
= A

1

s+ 1
+B

1

(s+ 1)2



ラプラス変換と微分方程式� �
例題 6. ẍ(t) + 2ẋ(t) + x(t) = u(t), ẋ(0) = 3, x(0) = 1

x(s) =
s2 + 5s+ 1

s(s+ 1)2
=

1

s
+ 3

1

(s+ 1)2

x(t) = u(t) + 3te−t� �
L[ ẋ(t) ] = sx(s)− x(0) L[ ẍ(t) ] = s2x(s)− sx(0)− ẋ(0)

ステップ関数 u(t) : L[ u(t) ] = 1

s

L[ e−at ] =
1

s+ a
L[ te−at ] =

1

(s+ a)2

s2 + 5s+ 1

s(s+ 1)2
= A

1

s
+B

1

s+ 1
+ C

1

(s+ 1)2



ラプラス変換と微分方程式� �
例題 7. ẍ(t) + 2ẋ(t) + 10x(t) = 0, ẋ(0) = −1, x(0) = 1 の解を求
める.

x(s) =
s+ 1

s2 + 2s+ 10
=

s+ 1

(s+ 1)2 + 32

x(t) = e−t cos 3t� �
L[ ẋ(t) ] = sx(s)− x(0) L[ ẍ(t) ] = s2x(s)− sx(0)− ẋ(0)

L[ e−at sinωt ] =
ω

(s+ a)2 + ω2

L[ e−at cosωt ] =
s+ a

(s+ a)2 + ω2



e−at sinωt e−at cosωt
ラプラス変換と微分方程式
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