
x(t) ∈ X = {x1, x2, . . . , xn}
u(t) ∈ U = {u1, u2, . . . , um}

t ∈ T = {t0, t0 + 1, . . . , tf}

φ : X × U → X x(t+ 1) = φ(x(t), u(t))

` : X × U → R `(x(t), u(t))

`f : X → R `f(x(tf))

Let x(t0) = x0 ∈ X be given, and consider the optimal control problem:

J(t0, x0;u(·)) =
tf−1∑
τ=t0

`(x(τ), u(τ)) + `f(x(tf))

inf
u(τ)∈U

τ∈T

J(t0, x0;u(·))

Define the cost-to-go:

V : T ×X → R V (t, x) = inf
u(τ)∈U

τ∈{t,t+1,...,tf}

J(t, x;u(·))

Bellman equation:

V (tf , x) = `f(x) for all x ∈ X

V (t, x) = inf
u∈U

{`(x, u) + V (t+ 1, φ(x, u))} for all x ∈ X and all t ∈ {t0, t0+1, . . . , tf − 1}

State feedback control:

u(t) = u(x(t)) = argmin
u∈U

{ `(x(t), u) + V (t+ 1, φ(x(t), u))︸ ︷︷ ︸
computed using the measured state x(t)

}

x(t+ 1) = φ(x(t), u(t)) x(t0) = x0 ∈ X
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example:

x(t) ∈ X = {x1, x2, x4, x5}
u(t) ∈ U = {u1, u2, u3}

t ∈ T = {1, 2, 3}

φ : X × U → X x(t+ 1) = φ(x(t), u(t))

` : X × U → R `(x(t), u(t))

`f : X → R `f(x(tf))

φ, ` and `f are given as follows:

φ(xi, uj) u1 u2 u3

x1 x3 x1 x5

x2 x4 x3 x2

x3 x2 x5 x4

x4 x1 x2 x1

x5 x5 x4 x3

`(xi, uj) u1 u2 u3

x1 1 5 3
x2 4 1 2
x3 2 3 1
x4 3 4 5
x5 5 2 4

`f(xi)

x1 1
x2 2
x3 3
x4 4
x5 5

Let x(1) ∈ X be given, and consider the optimal control problem:

J(1, x(1);u(·)) =
2∑

τ=1

`(x(τ), u(τ)) + `f(x(3))

= `(x(1), u(1)) + `(x(2), u(2)) + `f(x(3))

inf
u(1),u(2)∈U

J(1, x(1);u(·))

Bellman equation:

t = 3 : V (3, x) = `f(x) for all x ∈ X

t = 2 : V (2, x) = inf
u∈U

{`(x, u) + V (3, φ(x, u))} for all x ∈ X

t = 1 : V (1, x) = inf
u∈U

{`(x, u) + V (2, φ(x, u))} for all x ∈ X
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for t = tf = 3:

V (3, x) = `f(x) for all x ∈ X

`f(xi)

x1 1
x2 2
x3 3
x4 4
x5 5

V (1, xi) V (2, xi) V (3, xi)

x1 1
x2 2
x3 3
x4 4
x5 5
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for t = tf − 1 = 2:

V (2, x) = inf
u∈U

{`(x, u) + V (3, φ(x, u))} for all x ∈ X

V (2, x1) = inf
u∈U

{`(x1, u)︸ ︷︷ ︸
1
5
3

+V (3, φ(x1, u))︸ ︷︷ ︸
3
1
5

} = 4

V (2, x2) = inf
u∈U

{`(x2, u)︸ ︷︷ ︸
4
1
2

+V (3, φ(x2, u))︸ ︷︷ ︸
4
3
2

} = 4

V (2, x3) = inf
u∈U

{`(x3, u)︸ ︷︷ ︸
2
3
1

+V (3, φ(x3, u))︸ ︷︷ ︸
2
5
4

} = 4

V (2, x4) = inf
u∈U

{`(x4, u)︸ ︷︷ ︸
3
4
5

+V (3, φ(x4, u))︸ ︷︷ ︸
1
2
1

} = 4

V (2, x5) = inf
u∈U

{`(x5, u)︸ ︷︷ ︸
5
2
4

+V (3, φ(x5, u))︸ ︷︷ ︸
5
4
3

} = 6

φ(xi, uj) u1 u2 u3

x1 x3 x1 x5

x2 x4 x3 x2

x3 x2 x5 x4

x4 x1 x2 x1

x5 x5 x4 x3

`(xi, uj) u1 u2 u3

x1 1 5 3
x2 4 1 2
x3 2 3 1
x4 3 4 5
x5 5 2 4

V (1, xi) V (2, xi) V (3, xi)

x1 4 1
x2 4 2
x3 4 3
x4 4 4
x5 6 5
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for t = 1:

V (1, x) = inf
u∈U

{`(x, u) + V (2, φ(x, u))} for all x ∈ X

V (1, x1) = inf
u∈U

{`(x1, u)︸ ︷︷ ︸
1
5
3

+V (2, φ(x1, u))︸ ︷︷ ︸
4
4
6

} = 5

V (1, x2) = inf
u∈U

{`(x2, u)︸ ︷︷ ︸
4
1
2

+V (2, φ(x2, u))︸ ︷︷ ︸
4
4
4

} = 5

V (1, x3) = inf
u∈U

{`(x3, u)︸ ︷︷ ︸
2
3
1

+V (2, φ(x3, u))︸ ︷︷ ︸
4
6
4

} = 5

V (1, x4) = inf
u∈U

{`(x4, u)︸ ︷︷ ︸
3
4
5

+V (2, φ(x4, u))︸ ︷︷ ︸
4
4
4

} = 7

V (1, x5) = inf
u∈U

{`(x5, u)︸ ︷︷ ︸
5
2
4

+V (2, φ(x5, u))︸ ︷︷ ︸
6
4
3

} = 6

φ(xi, uj) u1 u2 u3

x1 x3 x1 x5

x2 x4 x3 x2

x3 x2 x5 x4

x4 x1 x2 x1

x5 x5 x4 x3

`(xi, uj) u1 u2 u3

x1 1 5 3
x2 4 1 2
x3 2 3 1
x4 3 4 5
x5 5 2 4

V (1, xi) V (2, xi) V (3, xi)

x1 5 4 1
x2 5 4 2
x3 5 4 3
x4 7 4 4
x5 6 6 5
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Let us consider the initial condition x(1) = x5, then the optimal trajectory is given as follows:

x(1) = x5

u(1) = argmin
u∈U

{`(x5, u)︸ ︷︷ ︸
5
2
4

+V (2, φ(x5, u))︸ ︷︷ ︸
6
4
4

} = u2

x(2) = φ(x5, u2) = x4

u(2) = argmin
u∈U

{`(x4, u)︸ ︷︷ ︸
3
4
5

+V (3, φ(x4, u))︸ ︷︷ ︸
1
2
1

} = u1

x(3) = φ(x4, u1) = x1

min
u(1),u(2)∈U

J(1, x5;u(·)) = `(x5, u2) + `(x4, u1) + `f(x1)

= 2 + 3 + 1 = 6 = V (1, x5)

φ(xi, uj) u1 u2 u3

x1 x3 x1 x5

x2 x4 x3 x2

x3 x2 x5 x4

x4 x1 x2 x1

x5 x5 x4 x3

`(xi, uj) u1 u2 u3

x1 1 5 3
x2 4 1 2
x3 2 3 1
x4 3 4 5
x5 5 2 4

`f(xi)

x1 1
x2 2
x3 3
x4 4
x5 5

V (1, xi) V (2, xi) V (3, xi)

x1 5 4 1
x2 5 4 2
x3 5 4 3
x4 7 4 4
x5 6 6 5
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