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ẋ(t) = f (x(t), u(t)) x(t0) = x0 t ∈ [ t0, tf ]

x(t) ∈ Rn u(t) ∈ Rm

J (t0, x0; u(·)) =
∫ tf

t0

`(x(τ), u(τ))dτ + `f(x(tf))

inf
u(·)

J (t0, x0; u(·))

0 =
∂V
∂t

(t, x) + inf
u∈Rm

{`(x, u) +
(

∂V
∂x

(t, x)
)T

f (x, u)}

V (tf, x) = `f(x) for all x ∈ Rn

u∗(t) = arg min
u∈Rm

{`(x(t), u) +
(

∂V
∂x

(t, x(t))
)T

f (x(t), u)}



optimal control problem

I dynamic programming

I multistage decision process
I Hamilton-Jacobi-Bellman equation

I principle of optimality

0 =
∂V
∂t

(t, x) + inf
u∈Rm

{`(x, u) +
(

∂V
∂x

(t, x)
)T

f (x, u)}

V (tf, x) = `f(x) for all x ∈ Rn

u∗(t) = arg min
u∈Rm

{`(x(t), u) +
(

∂V
∂x

(t, x(t))
)T

f (x(t), u)}



optimal control problem

I dynamic programming
I multistage decision process

I Hamilton-Jacobi-Bellman equation
I principle of optimality

0 =
∂V
∂t

(t, x) + inf
u∈Rm

{`(x, u) +
(

∂V
∂x

(t, x)
)T

f (x, u)}

V (tf, x) = `f(x) for all x ∈ Rn

u∗(t) = arg min
u∈Rm

{`(x(t), u) +
(

∂V
∂x

(t, x(t))
)T

f (x(t), u)}



optimal control problem

I dynamic programming
I multistage decision process
I Hamilton-Jacobi-Bellman equation

I principle of optimality

0 =
∂V
∂t

(t, x) + inf
u∈Rm

{`(x, u) +
(

∂V
∂x

(t, x)
)T

f (x, u)}

V (tf, x) = `f(x) for all x ∈ Rn

u∗(t) = arg min
u∈Rm

{`(x(t), u) +
(

∂V
∂x

(t, x(t))
)T

f (x(t), u)}



optimal control problem

I dynamic programming
I multistage decision process
I Hamilton-Jacobi-Bellman equation

I principle of optimality

0 =
∂V
∂t

(t, x) + inf
u∈Rm

{`(x, u) +
(

∂V
∂x

(t, x)
)T

f (x, u)}

V (tf, x) = `f(x) for all x ∈ Rn

u∗(t) = arg min
u∈Rm

{`(x(t), u) +
(

∂V
∂x

(t, x(t))
)T

f (x(t), u)}



contents
optimal control

I nonlinear dynamical systems and linear approximations
I dynamic programming
I principle of optimality
I optimal control of finite state systems
I optimal control of discrete-time systems
I optimal control of continuous-time systems
I optimal control of linear systems
I decentralized optimal control

I decentralization and integration via mechanism design



contents
optimal control

I nonlinear dynamical systems and linear approximations
I dynamic programming
I principle of optimality
I optimal control of finite state systems
I optimal control of discrete-time systems
I optimal control of continuous-time systems
I optimal control of linear systems
I decentralized optimal control

I decentralization and integration via mechanism design



contents
optimal control

I nonlinear dynamical systems and linear approximations
I dynamic programming
I principle of optimality
I optimal control of finite state systems
I optimal control of discrete-time systems
I optimal control of continuous-time systems
I optimal control of linear systems
I decentralized optimal control

I decentralization and integration via mechanism design



continuous-time systems
optimal control problem
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J (t0, x0; u(·))

`(xi , uj) u1 u2 · · · um

x1 3 2 · · · −1
x2 2 −2 · · · 6
...

xn −1 5 · · · 1.2

`f(xi)

x1 3
x2 2
...

xn −1
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dynamic programming

In his 1957 book, R. E. Bellman wrote:
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principle of optimality

[ Bellman, 1957, p. 83 ]
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linear systems
optimal control problem

ẋ(t) = Ax(t) + Bu(t) x(t0) = x0 t ≥ 0
x(t) ∈ Rn u(t) ∈ Rm

J (t0, x0; u(·)) =
∫ ∞

0
xT(τ)Rx(t) + uT(τ)Qu(τ)dt

inf
u(·)

J (t0, x0; u(·))

0 = PA + ATP − PBR−1BTP + Q

u∗(t) = − 1
2

R−1BTPx(t)
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nonlinear dynamical systems and linear approximations

ẋ(t) = f (x(t), u(t))

✛

x
ẋ(t) = f(x(t), u(t)) ✛

u

δẋ(t) = Aδx(t) + Bδu(t)

✛❦✛
❄ δxx̃

x̄

δẋ(t) = Aδx(t) +Bδu(t) ✛❦✛
❄
−

uδu

ū
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δẋ(t) = Aδx(t) + Bδu(t)

✛❦✛
❄ δxx̃

x̄
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swing equation
dynamical systems

G

L L L

G

L

θ1, θ1

θ2, θ2 θ3, θ3

GG
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・

・

・

[ J-Power, http://www.jpower.co.jp ]

n areas N = {1, 2, . . . ,n} neighbors of area i Ni ⊂ N

Hi θ̈i(t) =
ng

i∑
j=1

Pg
ij(t)−

nl
i∑

j=1
P l

ij(t)−
∑
j∈Ni

1
Xij

(θi(t)− θj(t)) i ∈ N

Pg
ij = Cijxij(t) ẋij(t) = Aijxij(t) + Bijuij(t) j = 1, 2, . . . ,ng

i

http://www.jpower.co.jp


decentralization and integration via mechanism design
decentralized optimal control

utility U :

tpbv problem or HJB solution

pi(t, x) pi+1(t, x)

agent Gi: u
♭
i(x) agent Gi+1: u

♭
i+1(x)

❄ ❄
✻ ✻

xi xi+1

s s ssss

I sets (virtual) prices pi to Gi =⇒ u∗
i = u[

i
I receives messages xi from Gi

I strategic behavior of individuals Gis could result in a wrong decision
I social mechanism: strategic behavior does not make any profit
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