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X = {x1, x2, . . . , x16} u(t) ∈ U = {uu, ud}
t ∈ [ 0, 1, 2, 3, 4, 5, 6 ]

inf
u(·)

J (0, x1; u(·)) = inf
u(·)

6∑
τ=0

`(x(τ), u(τ))

minimum-cost path problem
I multistage decision process



optimal control problem

ẋ(t) = f (x(t), u(t)) x(t0) = x0 t ∈ [ t0, tf ]

x(t) ∈ Rn u(t) ∈ Rm

J (t0, x0; u(·)) =
∫ tf

t0

`(x(τ), u(τ))dτ + `f(x(tf))

inf
u(·)

J (t0, x0; u(·))



dynamic programming

In his 1957 book, R. E. Bellman wrote:
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principle of optimality

[ Bellman, 1957, p. 83 ]

富山に居る先生が, 出張で名古屋へ行く. 時間最短で検索したところ,
富山から東京まで新幹線で, 東京から名古屋まで新幹線で, が最短経路
だった. このとき, 東京に居る先生が名古屋へ出張する際の時間最短経
路は, 東京から名古屋まで新幹線で, である.
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principle of optimality

ẋ(t) = f (x(t), u(t)) x(t0) = x0 t ∈ [ t0, tf ]

x(t) ∈ Rn u(t) ∈ Rm

inf
u(·)

J (t0, x0, u) = inf
u(·)

∫ tf

t0

`(x(t), u(t), t)dt

The Principle of Optimality: Let u∗(·) be an optimal control that
generates the trajectory x(t), t ∈ [ t0, tf ], with x(t0) = x0. Then the
trajectory x(·) from (t0, x0) to (tf, x(tf)) is optimal if and only if for all t1,
t2 ∈ [ t0, tf ], the portion of the trajectory x(·) going from (t1, x(t1)) to
(t2, x(t2)) optimizes the same cost functional over [t1, t2], where
x(t1) = x1 is a point on the optimal trajectory generated by u∗(·).
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x(t) ∈ X = {x1, x2, . . . , xn} u(t) ∈ U = {u1, u2, . . . , um}
t ∈ {t0, t0 + 1, . . . , tf}

J (t0, x0; u(·)) =
tf−1∑
τ=t0

`(x(τ), u(τ)) + `f(x(tf))

inf
u(·)

J (t0, x0; u(·))
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xn x5 xn−7 · · · x2
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x(t) ∈ X = {x1, x2, . . . , xn} u(t) ∈ U = {u1, u2, . . . , um}
t ∈ {t0, t0 + 1, . . . , tf}

J (t0, x0; u(·)) =
tf−1∑
τ=t0

`(x(τ), u(τ)) + `f(x(tf))

inf
u(·)

J (t0, x0; u(·))

`(xi , uj) u1 u2 · · · um

x1 3 2 · · · −1
x2 2 −2 · · · 6
...

xn −1 5 · · · 1.2

`f(xi)

x1 3
x2 2
...

xn −1
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(naive) computational complexities

I # of possible paths: 20 DP had to find only: 15

n × n 4 5 6 7 8
# of paths 20 70 252 724 2632

DP computations 15 24 35 48 63
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define V : X → R:

V (x1) = 40 V (x5) = 29 V (x9) = 21 V (x13) = 20
V (x2) = 35 V (x6) = 31 V (x10) = 27 V (x14) = 10
V (x3) = 36 V (x7) = 25 V (x11) = 18 V (x15) = 11
V (x4) = 29 V (x8) = 23 V (x12) = 16 V (x16) = 0

V (xi) provides the optimal cost starting from xi V : cost-to-go
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