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infinite horizon problem

continuous-time systems

for a given z(0) = 2p € R”

i) = | " b(a(r), ulr

optimal control problem

l?f) J (o5 u(+))
T€[0,00)

))dT



Hamilton-Jacobi-Bellman equation

infinite horizon problem

Hamilton-Jacobi-Bellman equation:

0= inf {{(z,u)+ (av(a:)>Tf(x u)} for all z € R"
ueRm oz ’

Let V: R™ — R be a solution to HJB equation.

state feedback control:

ueR™

T
— arg min {£(a(t), u) + <%Z<x<t>>) Fa(t), )}

computed using the measured state z(t)

#(t) = f(a(t), u(t))  z(lo) = 20



linear quadratic regulator problem

2(t) = f(z(t),u(®)  2(0) =z  te[0,00)
z(t) e R" u(t) € R™

for a given z(0) = 29 € R"

J(ao; u(-)) = /0 " b(a(r), u(r)) dr

optimal control problem

11("1f) J (205 u(-))
T€[0,00)



linear quadratic regulator problem

#(t) = Az(t) + Bu(t) z(0) = x te]0,00)
z(t) e R u(t) e R™
A 6 Rnxn B E RTLXm

for a given z(0) = 29 € R"

J(ao; u(-)) = /0 " b(a(r), u(r)) dr

optimal control problem

11("1f) J (205 u(-))
T€[0,00)



linear quadratic regulator problem

#(t) = Az(t) + Bu(t) z(0) = x te]0,00)
z(t) e R u(t) e R™
A 6 Rnxn B E RTLXm

for a given z(0) = 29 € R"

J (205 u(+)) = /OO xT(T)Qx(T) + uT(T)Ru(T)dT
0
QeR™, Q=Q">0 ReR™™R=R">0

optimal control problem

11("1f) J (205 u(-))
T€[0,00)



Hamilton-Jacobi-Bellman equation

linear quadratic regulator problem

Hamilton-Jacobi-Bellman equation:

0= inf (o) s (V@) fow)  forallze R
—ulerﬁw{ T, u 5 (8 T,u T




Hamilton-Jacobi-Bellman equation

linear quadratic regulator problem

Hamilton-Jacobi-Bellman equation:

0= inf (o) s (V@) fow)  forallze R
—ulerﬁw{ T, u 5 (8 T,u T

0= inf {7 Qz + u"Ru + < ov (1:)) (Az + Bu)}
UER"L 81‘



Hamilton-Jacobi-Bellman equation

linear quadratic regulator problem

Hamilton-Jacobi-Bellman equation:

0= inf (o) s (V@) fow)  forallze R
_ulerﬁ%m{ T, u 5 (8 T,u T

av , \"
0= inf {7 Qz + u"Ru + < (x)) (Az + Bu)}
UER"L 8(5

v, \" av . \"
0=2xz"Qz+ ( 9 (ac)) Az + uiergm{uTRu—l— <8x(z)> Bu}




Hamilton-Jacobi-Bellman equation

linear quadratic regulator problem

Hamilton-Jacobi-Bellman equation:

0= inf (o) s (V@) fow)  forallze R
_ulerﬁ%m{ T, u 5 (8 T,u T

av , \"
0= inf {7 Qz + u"Ru + < (x)) (Az + Bu)}
UER"L 8(5

v, \" av . \"
0=2xz"Qz+ ( 9 (ac)) Ax+uiergm{uTRu+ <8w(z)> Bu}

oV
5, (%)

oV 1
T _ x _ _ L p1pT
2Ru+BY 5 (1) =0 = u SR'B



Riccati equation

linear quadratic regulator problem

ov T 1 oV T 1 oV
_ T | —1pT Y7V _ - p-1pT Y7
0=x Qx—l—( P (JJ)) Az < 5 R™'B P (:v)) R( 5 R™B P




Riccati equation

linear quadratic regulator problem

av , \" 1 av , \" 1 oV
T | -1 pT . —1 T
0=z Qx+< o (:c)> Az < S RBT (x)) R< SR8

For LQ problem, the cost-to-go is given as quadratic function of z,
cf. [problem 2.3-1, Optimal Control, 1990.]
oV

V(z)=2"Pz P=PT>0 .

(z) = 2Pz

plug-in:



Riccati equation

linear quadratic regulator problem

av , \" 1 av , \" 1 oV
T | -1 pT . —1 T
0=z Qx+< o (:c)> Az < S RBT (x)) R< SR8

For LQ problem, the cost-to-go is given as quadratic function of z,
cf. [problem 2.3-1, Optimal Control, 1990.]
oV

V(z)=2"Pz P=PT>0 .

(z) = 2Pz

plug-in:
0=2"Qz+ 22T PAz — (—R'BYP2)"R(—R™'B" Px)



Riccati equation

linear quadratic regulator problem

T T
0=2a" Qx—f—( %‘; (g;)> Az— <_;R13T%‘;(x)> R <_;R

For LQ problem, the cost-to-go is given as quadratic function of z,
cf. [problem 2.3-1, Optimal Control, 1990.]
oV

V(z)=2"Pz P=PT>0 .

(z) = 2Pz

plug-in:
0=2"Qz+ 22T PAz — (—R'BYP2)"R(—R™'B" Px)

0=z (PA+ AP - PBR'BYP+ Q)z  forall zcR"
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Riccati equation

linear quadratic regulator problem

2

0= xTQx—f—( ov (:c)>T Az— <—;R13T8V(x)>T R <_1R

oz Oz

For LQ problem, the cost-to-go is given as quadratic function of z,
cf. [problem 2.3-1, Optimal Control, 1990.]
oV

V(z)=2"Pz P=PT>0 .

(z) = 2Pz
plug-in:

0=2"Qz+ 22T PAz — (—R'BYP2)"R(—R™'B" Px)

0=z (PA+ AP - PBR'BYP+ Q)z  forall zcR"

Riccati equation:

0=PA+ATP—PBR'BTP+Q

oV
1T 9V
B oz



linear quadratic regulator problem

#(t) = Az(t) + Bu(t) z(0) = 2 te]0,00)
z(t) € R" u(t) € R™

for a given z(0) = 2p € R”

J(xo; u(+)) = /00 xT(T)Qx(T) + UT(T)R’U,(T)dT
0
QeR™™ Q=0T >0 ReR™™ R=R">0

optimal control problem

I?f) J (2035 u(-))
T€[0,00)



linear quadratic regulator problem

#(t) = Az(t) + Bu(t) z(0) = 2 te]0,00)
z(t) € R" u(t) € R™

let P = PT > 0 be a solution to
0=PA+ATP—-PBR'BTP+Q
the optimal control is given by

1 p 0V _ —1pT
u(t) = 5 R™B 9 (z) = —R "B Px(t)
and the optimal cost is

inf (a0, u()) = V(m) = o P
7€[0,00)



example

linear quadratic regulator problem

3
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linear quadratic regulator problem



example

linear quadratic regulator problem

z(t) = 0z(t) + 1u(t) z(0) = o te€[0,00)
R

I(ao: u()) = /0 ")+ ul(r)dr

1/4
1
optimal control u* = — (> T



example

linear quadratic regulator problem

z(t) = 0z(t) + 1u(t) z(0) te€[0,00)

u(t) e R

I
& &

J(:co;u(-)):/wa2(7)+u2(7')d7- Q=1 R=1

1/4
1
optimal control u* = — (> T



example

linear quadratic regulator problem

z(t) = 0x(t) + 1u(t) z(0) = x te[0,00)
z(t) e R u(t) e R

J (@05 u(+)) :/OOOxQ(T)—I—uQ(T)dT Q=1 R=1

optimal control u* = —R™'BT Pz(t) = —x(t)
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linear quadratic regulator problem

z(t) = 0x(t) + 1u(t) z(0) = x te[0,00)
z(t) e R u(t) e R

J(zp; u()) :/Oon(T)—I—uQ(T)dT Q=1 R=1
0
optimal control u* = —R™'BT Pz(t) = —x(t)

0=PA+ATP - PBR'BTP+Q



example

linear quadratic regulator problem

z(t) = 0x(t) + 1u(t) z(0) = x te[0,00)
z(t) e R u(t) e R

J(zp; u()) :/Oon(T)—I—uQ(T)dT Q=1 R=1
0
optimal control u* = —R™'BT Pz(t) = —x(t)

0=PA+ATP - PBR'BTP+Q

0=-P*+1 P=1,-1 P=1>0
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linear quadratic regulator problem

&(t) = 0x(t) + 1u(t) z(0) = x te0,00)
R

J(zo; u(-)) = /OOO (1) 4+ u*(r)dr 7 =2

optimal control  u* = —R™!BT Pz(t) = —x(t) u = —2z(t)



example

linear quadratic regulator problem

&(t) = 0x(t) + 1u(t) z(0) = x te0,00)
R

J(zo; u(-)) = /OOO (1) 4+ u*(r)dr 7 =2

optimal control  u* = —R™!BT Pz(t) = —x(t) u = —2z(t)
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example

linear quadratic regulator problem

&(t) = 0x(t) + 1u(t) z(0) = x te0,00)
R

J(zo; u(-)) = /OOO (1) 4+ u*(r)dr 7 =2




example

linear quadratic regulator problem

&(t) = 0x(t) + 1u(t) z(0) = x te0,00)
R

J(zo; u(-)) = /OOO (1) 4+ u*(r)dr 7 =2

optimal control  u* = —R™!BT Pz(t) = —x(t) u = —2z(t)

V(zg) = ngxg =4




example 02

linear quadratic regulator problem

i(t) = [8 _11} o(t) + [

0

oo |

0 1
0 -1

| o]

1



example 02

linear quadratic regulator problem

0 1 0

i(t) = [O _J o(t) + M w(t) A= [0



example 02

linear quadratic regulator problem

i) = [8 _11} 2(t) + m ut) A= [8 _11] B m

Haiu()) = [ )+ al)dr Q—[é 8} R=1

0=PA+ATP—PBR'BTP+Q



example 02

linear quadratic regulator problem

i(t) = [8 _11} 2(t) + m ut) A= [g _11] B m

Haiu()) = [ )+ al)dr Q—[é 8} R=1

0=PA+ AP - PBR'B'P+ Q

0= P11 P12 |0 1]+[0 0} [pn p12}_{p11 plﬂ [0] 1o 1 [pu
p2 p22] |0 —1] [1 —1] [p12 p22| |[P12 p22] |1 D1



example 02

linear quadratic regulator problem

0= 0 P11 — P12 ] B [ Py 10121722] n [1 0]
11— pi2 2(p12 — p22) P12P22 Dao 0 0



example 02

linear quadratic regulator problem

0= 0 P11 — P12 ] B [ Py P12p22] n [1 0]
11— pi2 2(p12 — p22) P12P22  Dao 0 0

0=—pip+1 0 = p11 — p12 — p12p22
0 = 2p12 — 2p22 — Pao



example 02

linear quadratic regulator problem

_ 0 P11 — P12 Py P1ap22 1
0= - 5 |+
11— pi2 2(p12 — p22) pP12P22 Doy 0
0=—pip+1 0 = p11 — p12 — P12p22

0 = 2p12 — 2p22 — Pao



example 02

linear quadratic regulator problem

0= 0 P11 — P12 ] B [ Pio p12p22] n [1 0]
11— pi2 2(p12 — p22) P12P22  Dao 0 0
0=—piy+1 0 = p11 — p12 — P12p22

0 = 2p12 — 2p22 — Pao
po[V3 1
1 V3-1
__ plpT _ V3 1
w(t) = —R B Pu(t) = 1[0 1] [ : \/:):_J (1)



example 02

linear quadratic regulator problem

0 1 0

i(t) = [0 _J z(t) + M u(t) A= [g —11] b= m

A =[1 0]a(t)

Saiat) = [ 2@ @ =]

optimal control w* = —[1 /3 —1]z(t) u=—[1



example 02

linear quadratic regulator problem

optimal control w* = —[1 /3 —1]z(t) u=—[1 2]xz(t)
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example 02

linear quadratic regulator problem

optimal control w* = —[1 /3 —1]xz(t) u=—[1 2]xz(t)




example 02

linear quadratic regulator problem

i(t) = [8 _11} z(t) + m u(t) A= [g —11] b= m
2(t) =11 0]xz(t)

optimal control w* = —[1 /3 —1]z(t) u=—[1 2]xz(t)
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robotic manipulator

0, 6,
"d |6y 0o
0] T |0+ 0+ M sing
02 %91 . %92 + J%T

k(62—61)



nonlinear dynamical systems and linear approximations

B(t) = f(z(t),u(t))  z(t) €R™ u(t) € R™

u

§i(t) = Adz(t) + Bou(t) A€ R™" BeRV™

8
IS

x 0T | 5i(t) = ASa(t) + Bou(t) «—2OU u




numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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0&(t) = Adx(t) + Bou(t)




numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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linear approximation

robotic manipulator

Q
thI
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(z,u) = ( a , —mgLsin q) for some g € [7, —7)



linear approximation

robotic manipulator

Q
thI

m

k
0
0

(z,u)= (|1~ SAl _mgLsing)  for some g € [, —7)

0x(t) = Adx + Bou



linear approximation

robotic manipulator

q
— mgL . -
(z,u) = ( 1 ’6 St , —mgLsin q) for some g € [7, —7)
0
d&(t) = Adz + Bou
[ 0 0 10
of T 0 0 0 1
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optimal control of linearized system

robotic manipulator

0i(t) = Adz(t) + Bou(t) AeR™ BeR™!



optimal control of linearized system

robotic manipulator

0i(t) = Adz(t) + Bou(t) AeR™ BeR™!
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optimal control of linearized system

robotic manipulator

5i(t) = Adx(t) + Bou(t)  AcRY BecR¥!

J o ))—/0 ([(1) 0 8} 51(r))" [é e 8] Sa(r) +0u?(r)dr
1 0 00
0100
@= [0 00 0 k=1
0 0 0O

0=PA+ATP—PBR'BTP+Q



optimal control of linearized system

robotic manipulator

5i(t) = Adx(t) + Bou(t)  AcRY BecR¥!
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optimal control of linearized system

robotic manipulator
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numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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numerical simulation

robotic manipulator
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numerical simulation
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discrete-time linear quadratic regulator problem

z(t+1) = Az(t) + Bu(t) z(0) = xp teZt=1{0,1,2,...
z(t) e R" u(t) e R™
A c Rnxn B c RnXm

for a given z(0) = 29 € R”

o

J(wo; u(-)) = Y (" (7) Qa(r) + u™ (1) Ru(r))

7=0

QeR™™ Q=Q">0 ReR™™ R=R">0

optimal control problem

51(15 J (@05 u(-))

T€[0,00)



discrete-time linear quadratic regulator problem

z(t+ 1) = Az(t) + Bu(t) z(0) = xp teZt=1{0,1,2,...

z(t) ER™  u(t) € R™
A c Rnxn B c RnXm

let P = PT > 0 be a solution to
P=ATPA - ATPB(B'PB + R)"'BTPA + Q
the optimal control is given by
u(t) = —(BTPB + R)"' BT PAux(t)
and the optimal cost is

inf  J(a, u() = V(a) = % Prg
7€[0,00)
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