x(t) €EX= {x17$27"'axn}
u(t) € U = {u1,uz, ..., um}
tET:{to,t0+1,...,tf}

p: XxU—X x(t+1) = ¢(x(t), ult))
(: XxU—-R L(z(t),u(t))
X >R Ce(x(te))

Let x(tg) = o € X be given, and consider the optimal control problem:

I (to, zo; u(")) = i (x(7), w(7)) + L (2(tr))

T=tg

inf J(¢ su(-
(3L Tt 7))
TeT

Define the cost-to-go:

V:TxX—>R V(t,z) = (ir)lfU J(t, x;u(-))
u(T)€e
re{t,t+1,. b}

Note that computing the cost-to-go V (to, o) from the initial state xzo at the initial time ¢
essentially amounts to minimize the cost J (o, zo;u(-)).



If t = t:
V(ts, = inf J(t ,xyu(t
( f x) u(%f)EU ( f U( t))

u(igeU \f(.’ﬁ/) f(il?)

independent
of u(ts)
Ift:tf—ll
Vite —1 = inf J(ts — 1, x5 u(:
(= 1,2) altr=Dou(tr)eU (fe = Lz;u()
- inf Oty — 1) ulte — 1)+ Lzt
il el = Do - D)+ ) )
independent of u(tf) depend on both
u(ty — 1) and u(ts)
= inf {{(z,u(te—1))+ inf le(z(te)) }
(tf‘ 1 u(tf)
[
= Vi(te, x(te)) = V(ts, d(w, u(ts — 1)))
= inf l tr— 1 Vit tr—1
B Wl = 1)+ Vi, oo, ey 1)
= inf {0, w) + V(ir, 6(a, )
For t < t:
Vit,a)=  inf  J(tzul-
()= nf ()
re{tt+1,... s}
tg—1
B, (S et )+ e )
re{tt+1,.. .t}
tg—1
= inf Lz, u(t + Lz )+ 4
A U ey Y e (a(t)) )
Te{t,t+1,...,ts}  independent of u(7),
re{t+Li+2,..., te} depend on all u(7), 7 € {t,t+1,..., ¢}
te—1
= inf {l(z,u(t)) + inf )+ ¢
LIRS T O SN ((a(t)})

Te{t+1,t42,...,t}

V(41,2 +1) = V(E+ 1,z u(t)
= inf {l(z,u(®))+V(E+1,¢(x,ut)))}

u(t)eU
= inf {{(w,u) + V(t+1, ¢, u)}



Bellman equation:

V(ts, x) = b () forall z € X
V(t,z) = irelzfj{ﬂ(z,u) +V(Et+1,¢(z,u))} forallz € X and all ¢ € {to,to41,-..,t¢ — 1}

Let us suppose that the cost-to-go V' has been determined. For a given state = at time ¢, the
optimal input u(t) is given as

u(t) = arg mi[rjl{f(x, w)+V(E+1,¢(z,u)}
ue
This inspires the implantation of the optimal control in a state feed back form:

u(t) = u(z(t)) = argmeig{ Lz(t),u) + V(t+1,0(x(t),u)) }
computed using the measured state x(t)

w(t+1) = o(z(t),ult))  x(to) = w0 € X




