Z’(t) €EX= {35171'2,...,$n}
u(t) €U = {u1,uz, ..., um}
tET:{to,t0+1,...,tf}

¢p: X xU—-X x(t+1) = d(x(t), u(t))
(: XxU—=R 0(z(t), u(t))
b X 5 R le(x(ty))

Let x(tg) = o € X be given, and consider the optimal control problem:

tr—1

J(to, zosu()) = Y Ua(r),u(r)) + le(x(tr)

T=tg

inf J(t(], Zo, u())

u(r)eU
TeT
Define the cost-to-go:
V:TxX—>R V(t,z) = (ir)lfU J(t,x;u(-))
u(T)€e
TEftt+1, ke }

Bellman equation:

V(ts, x) = bs(x) for all x € X

V(t,z) = irellf]{ﬁ(x,u) +V(t+1,¢(z,u))} for all x € X and all ¢t € {to,to41,...,tr — 1}

State feedback control:

u(t) = u(z(t)) = argmin{ £(z(t), u) + V(¢ +1, $(a(t), u) }
computed using the measured state x(t)

x(t+1) = d(x(t), u(t)) x(to) =20 € X




example:

z(t) € X = {z1,22, 24,25}
u(t) € U = {u1, us,us}

teT =1{1,2,3}
p: X xU—=X x(t+1) = d(x(t), u(t))
{: XxU—=R 0(x(t), u(t))
li: X =R Ef(l'(tf))
¢, £ and f¢ are given as follows:
gb(xi,uj) H U1 ug us f(xi,uj) H (VA1 ug us H ﬂf(xl)
I I3 T Is T 1 5 3 Iy 1
To Ty I3 To X2 4 1 2 i) 2
T3 T2 xIs T4 I3 2 3 1 I3 3
Ty T xro X1 X4 3 4 5 Xq 4
Ts Is Ty I3 Is 5 2 4 Iy 5
Let 2(1) € X be given, and consider the optimal control problem:
2
J(La(l);u() =Y Ua(r),ulr)) + l(2(3))
T=1
= {(x(1),u(1)) + £(z(2), u(2)) + L (2(3))
inf J(1,z(1);u(-
sy (L) ()
Bellman equation:
t= V(3,z) = s (x) forall z € X
t= V(2,x) = ilglf]{f(a:,u) +V(3,¢(z,u))} for all x € X
u
t=1 forall z € X

V(L2) = inf {0z, u) + V(2 6z, 1)}



for t =t; = 3:

V(3,z) = l(x) forall z € X
[R4ED) | VA,z) V(2,x) V(3,2)
T 1 T 1
T2 2 T2 2
T3 3 T3 3
Ty 4 Ty 4
T5 5 T5 )



fort=t—1=2:

V(2,z)= iIelfU{ﬂ(x,u) +V(3,¢(z,u))} for all x € X
V(2,21) = inf {{(z1,u) +V (3, p(x1,u))} =4
uelU
V(Z,I’Q) = inf {g(IQ,U)+V(3,¢($2,U))} =4
UEU el e —
V(2,23) = inf {{(x3,u) + V (3, ¢(x3,u))} =4
UEU el N———_————
2 2
3 5
i a

V(2,24) = inf {l(z4,u) + V(3, ¢(24,u))} =4
UEU e —r
3 1
4 2
5 1
V(2,$5) = inf {£($5,U) +V(3,¢($5,U))} =6
UEU el N————_——
5 5
2 4
4 3
d(xi,u ) H U Uz U3 O(x;, uy) H U Uz U3 H Vl,z) V(2,z;) V(3,x;)
T I3 T Iy T 1 5 3 T 4 1
To T4 T3 X2 To 4 1 2 To 4 2
T3 To Xy T4 T3 2 3 1 T3 4 3
T4 T1 ZTo I Ty 3 4 5 Ty 4 4
Iy Is Ty T3 Is 5 2 4 Iy 6 5



fort =1:

V(l,z)= infU{ﬁ(x,u) +V(2,¢(z,u))} forall z € X
ue
V(1,21) = inf {{(z1,u) +V (2, p(x1,u))} =5
UEU el N————_———
1 4
5 4
3 6
V(l,l’g) = inf {g(IQ;U) +V(2,¢(x2,u))} =95
UEU el e —
4 4
1 4
2 4
V(1,z3) = inf {{(z3,u) + V (2, #(x3,u))} =5
UEU el N———_————
2 4
3 6
1 4
V(L,24) = inf {{(z4,u) + V(2, ¢(z4,u))} =7
UEU el e —
3 4
1 4
5 4
V(1,$5) = inf {£($5,u) +V(2,¢(x5,u))} =60
UEU e —r
5 6
2 4
1 3
d(xi,u ) H U Uz U3 O(x;, uy) H U Uz U3 H Vl,z) V(2,z;) V(3,x;)
T I3 T Iy T 1 5 3 T 5 4 1
To T4 X3 X9 To 4 1 2 To 5 4 2
T3 To Xy T4 T3 2 3 1 T3 5 4 3
T4 T1 ZTo I Ty 3 4 5 Ty 7 4 4
Iy Is Ty T3 Is 5 2 4 Iy 6 6 5



Let us consider the initial condition z(1) = x5, then the optimal trajectory is given as follows:

z(1) = x5
u(1) = arg min{l(zs, u) + V (2, p(x5,u))} = ugy
UEU el N———————
5 6
2 4
1 4

©(2) = ¢(xs,u2) = 74

u(2) = argmin{l(zq,u) + V (3, p(x4,u))} =u
UEU e —
3 1
1 2
5 1

z(3) = ¢(wg,u1) = 21

i J(1,z5;u(-) =4 l 12
u(l)%l(g)EU ( ,$5,U( )) ($5,U2)+ (LL‘4,U1)+ f(xl)

=24+3+1=6=V(1,z5)

B, uy ) H Uy Uz ug (i, uy) H Uy Uz ug H (i) H V(Lz) V(2,7) V(3,m)
T I3 Iy Is Iy 1 5 3 1 1 Iy 5 4 1
X2 T4 I3 T2 i) 4 1 2 To 2 i) 5 4 2
X3 T9 Is Ty I3 2 3 1 T3 3 I3 5 4 3
Ty 1 X X1 T4 3 4 5 Ty 4 T4 7 4 4
Is Is5 T4 I3 Iy 5 2 4 Ty 5 I5 6 6 5



