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nonlinear dynamical systems and linear approximations

ẋ(t) = f (x(t), u(t)) x(t) ∈ Rn u(t) ∈ Rm

✛

x
ẋ(t) = f(x(t), u(t)) ✛

u

δẋ(t) = Aδx(t) + Bδu(t) A ∈ Rn×n B ∈ Rn×m

✛❦✛
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❄
−
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ū

A =

(
∂f
∂x
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)T
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dynamical systems

ẋ(t) = f (x(t), u(t)) x(t0) = x0 t ∈ [ t0, tf ]

x(t) ∈ Rn u(t) ∈ Rm



robotic manipulator
dynamical systems

J1θ̈1(t) = k(θ2(t)− θ1(t)) + mgL sin θ1(t)
J2θ̈2 = τ(t)− k(θ2(t)− θ1(t))



state equation
robotic manipulator

J1θ̈1(t) = k(θ2(t)− θ1(t)) + mgL sin θ1(t)
J2θ̈2 = τ(t)− k(θ2(t)− θ1(t))

ẋ(t) = f (x(t), u(t))

x =
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θ1
θ2
θ̇1
θ̇2

 u = τ

d
dt


θ1
θ2
θ̇1
θ̇2

 =


θ̇1
θ̇2

− k
J1

θ1 +
k
J1

θ2 +
mgL
J1

sin θ1
k
J2

θ1 − k
J2

θ2 +
1
J2

τ

 =


f1(x)
f2(x)
f3(x)

f4(x, u)


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equilibrium point
nonlinear dynamical systems and linear approximations

ẋ(t) = f (x(t), u(t))

a pair (x̄, ū) is an equilibrium point if

0 = f (x̄, ū)
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equilibrium point
robotic manipulator
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(x̄, ū) = (


π
π
0
0

 , 0)

(x̄, ū) = (
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notations

h : R → R y = h(x)

dh
dx

(x)

y + δy = h(x + δx)

= h(x) + dh
dx

(x)δx + o(δx)

δy ≈ dh
dx

(x)δx
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ẋ(t) = f (x(t), u(t))

d
dt

(x̄ + δx(t)) = f (x̄ + δx(t), ū + δu(t))
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small deviation around the equilibrium point
x(t) = x̄ + δx(t) u(t) = ū + δu(t)
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ẋ(t) = f (x(t), u(t)) f : Rn × Rm → Rn

pick an equilibrium point (x̄, ū) 0 = f (x̄, ū)

small deviation around the equilibrium point
x(t) = x̄ + δx(t) u(t) = ū + δu(t)
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nonlinear dynamical systems and linear approximations

ẋ(t) = f (x(t), u(t)) x(t) ∈ Rn u(t) ∈ Rm

✛

x
ẋ(t) = f(x(t), u(t)) ✛

u

δẋ(t) = Aδx(t) + Bδu(t) A ∈ Rn×n B ∈ Rn×m

✛❦✛
❄ δxx̃

x̄

δẋ(t) = Aδx(t) +Bδu(t) ✛❦✛
❄
−

uδu

ū

A =

(
∂f
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(x̄, ū)
)T
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(
∂f
∂u
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equilibrium point
robotic manipulator


0
0
0
0

 =


θ̇1
θ̇2

− k
J1

θ1 +
k
J1

θ2 +
mgL
J1

sin θ1
k
J2

θ1 − k
J2

θ2 +
1
J2

τ



(x̄, ū) = (


q

q − mgL
k sin q
0
0

 ,−mgL sin q) for all q ∈ [ π,−π )



state equation
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J1θ̈1(t) = k(θ2(t)− θ1(t)) + mgL sin θ1(t)
J2θ̈2 = τ(t)− k(θ2(t)− θ1(t))

ẋ(t) = f (x(t), u(t)) x =
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θ2
θ̇1
θ̇2
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d
dt
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
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robotic manipulator

∂f
∂x

=


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+ mgL
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cos θ1

k
J2

0 0 k
J1

− k
J2

1 0 0 0
0 1 0 0


∂f
∂u

= [ 0 0 0 1
J2

]
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δẋ(t) = Aδx + Bδu

A =

(
∂f
∂x

(x̄, ū)
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numerical simulation
robotic manipulator

d
dt
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θ1 +
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J1
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mgL
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sin θ1
k
J2

θ1 − k
J2

θ2 +
1
J2

τ



J1 = J2 = m = k = L = g = 1

(x̄, ū) = (


q̄

q̄ − mgL
k sin q̄
0
0

 ,−mgL sin q̄) for some q̄ ∈ [ π,−π )

q̄ = π [ rad ]



numerical simulation
robotic manipulator

d
dt


θ1
θ2
θ̇1
θ̇2

 =


θ̇1
θ̇2

− k
J1

θ1 +
k
J1

θ2 +
mgL
J1

sin θ1
k
J2

θ1 − k
J2

θ2 +
1
J2

τ


J1 = J2 = m = k = L = g = 1

(x̄, ū) = (
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π
π
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 , 0)

x(0) =
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11π/12
11π/12

0
0

 (δx(0) =
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) u(·) = 0
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✛

x
ẋ(t) = f(x(t), u(t)) ✛
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(x̄, ū) = (


π
π
0
0

 , 0) x(0) =


11π/12
11π/12

0
0

 (δx(0) =


−π/12
−π/12

0
0

)

u(·) = 0

0 20 40 60 80
t [s]

11π/12

π

13π/12

θ
0

1

0 20 40 60 80
t [s]

11π/12

π

13π/12

θ
0

2

θ1 θ2

✛

x
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(x̄, ū) = (


π
π
0
0

 , 0) x(0) =


π/2
π/2
0
0

 (δx(0) =


−π/2
−π/2

0
0

)

u(·) = 0

0 20 40 60 80
t [s]

π/2

3π/4

π

5π/4

3π/2

θ
0

1

0 20 40 60 80
t [s]

π/2

3π/4

π

5π/4

3π/2

θ
0

2

θ1 θ2

✛

x
ẋ(t) = f(x(t), u(t)) ✛

u



numerical simulation
robotic manipulator

(x̄, ū) = (


π
π
0
0

 , 0) x(0) =


π/2
π/2
0
0

 (δx(0) =


−π/2
−π/2

0
0

) u(·) = 0

0 20 40 60 80
t [s]

π/2

3π/4

π

5π/4

3π/2

θ
0

1

0 20 40 60 80
t [s]

π/2

3π/4

π

5π/4

3π/2

θ
0

2

θ1 θ2

✛

x
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nonlinear dynamical systems and linear approximations

ẋ(t) = f (x(t), u(t)) x(t) ∈ Rn u(t) ∈ Rm

✛

x
ẋ(t) = f(x(t), u(t)) ✛

u

δẋ(t) = Aδx(t) + Bδu(t) A ∈ Rn×n B ∈ Rn×m
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