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finite state systems

optimal control problem

X ={m,z,..., T16} u(t) € U ={uy, uq}
te[0,1,2,3,4,5,6]

minimum-cost path problem

> multistage decision process



finite state systems
optimal control problem

define V: X — R:
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cost-to-go

V.

V(z;) provides the optimal cost starting from z;



finite state systems

optimal control problem

‘T(t) GX:{‘T17*T27"’7‘TTL} U(t) € U:{'U,17U27...,Um}
te{to,to+1,..., 14}



finite state systems

optimal control problem

.T(t)eX:{[E17[I}27,.,,.'En} u(t)e U:{u17u27"‘7um}
te{to,to+1,..., 14}
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finite state systems

optimal control problem

‘T(t)eX:{x17x27"’7le} u(t)e U:{u17u27"‘7um}
te{to,to+1,..., 14}

tr—1

T(to, w03 u(-) = Y A(a(r), ulr)) + E(a(t))

T:to

g(lf) J(to, z0; u(*))
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finite state systems

optimal control problem
z(t) € X ={z1,22,..., 2}
u(t) € U= {up,ug,..., un}
te T={to,to+1,...,1%}



finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={to,to+1,...,1%}

¢p: XxU—X z(t+ 1) = ¢(z(t), u(t))
0: XxU—R 0(x(t), u(t))
: X =R Ce(x(t))



finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={tto+1,...,%}

¢p: XxU—=X z(t+1) = ¢(z(t), u(t))
0: XxU—R 0(z(t), u(t))
b X - R Ce(a(t))

Let z(ty) = ap € X be given, and consider the optimal control problem:
t—1
T(to, 203 u(-) = Y £(a(7), ulr)) + E(a(t))

T:to

inf J su(
3L T los i ul)
TeT



finite state systems

optimal control problem

(naive) computational complexities
» # of possible paths: 20 DP had to find only: 15

nxn|4 5 6 7 8
# of paths | 20 70 252 724 2632
DP computations | 15 24 35 48 63




computational complexity

finite state systems

T(to, w3 u(-)) = Y £a(r), u(r)) + bilz(t))

brute force search:

x(t)eX:{$1,$2,...,$n}
U(t)e U:{ulau27"'aum}
teT="{t,lo+1,... 1}
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cardinality of X



computational complexity

finite state systems
J(to, 03 u(-)) = > €(a(7), u(r)) + Le(x(k))

brute force search:
o(| UM x |T] x | X])

z(t) € X ={z,22,..., 20} |X]: cardinality of X
u(t) € U={u,ug,..., un} |U]
te T={toto+1,... %} |7



the cost-to-go

finite state systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, o; u( Zﬁ )) + Le((t))

T=1p

inf J ;u(
L T los i ul)
TeT



the cost-to-go

finite state systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, o; u( Zﬁ )) + Le((t))

T=1p

inf J ;u(
L T los i ul)
TeT

define the cost-to-go:



the cost-to-go

finite state systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, o; u( Zﬁ )) + Le((t))

T=1p

inf J ;u(
L T los i ul)
TeT

define the cost-to-go:

V: TxX—>R V(t,x) = (iI)lfU J(t, z;u(-))
u(T)€e
Te{t,t+1,...,t}



the cost-to-go

finite state systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, 70 u Z@ ) + Le((t))

T=1p

inf J ;u(
W38 Tt 03 )
TeT

define the cost-to-go:

V: TxX—>R V(t,x) = (iI)lfU J(t, z;u(-))
u(T)€e
Te{t,t+1,...,t}

computing the cost-to-go V (o, 2p) from the initial state z; at the initial
time fy essentially amounts to minimize the cost J(fy, xo; u(-))



the cost-to-go

finite state systems

J(to, 70; u Zé ) + Le(e())
T=1%9o
V: TxX—>R V(t,z) = inf J(t, x5 u(-))
u(r)elU

re{t,t+1,...,t}



the cost-to-go

finite state systems

J(to, 70; u Zé ) + Le(e())
T=1%9o
V: TxX—>R V(t,z) = inf J(t, x5 u(-))
u(r)elU

re{t,t+1,...,t}

example: | X|=5 |U =3 |T|=3



the cost-to-go

finite state systems

t—1
T(to, w3 u(-)) = Y £a(r), u(r)) + bi(x(t))
V: TxX—->R V(t,z) = inf J(t, z;u(-))

u(r)elU
re{t,t+1,... 1t}

example: | X|=5 |U =3 |T|=3

O(wiug) || us up ug Oaiyug) | ur us  ug || (i) | V,z) V(2,2) V(3,:)
T r3 T Xp T 1 5 3 T 1 T1
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the cost-to-go

finite state systems

t—1
T(to, x5 u(-) = Y £(a(7), ul(r)) + bl (tr))
V: TxX—>R V(t,x) = inf J(t, xz;u(-))

u(r)eU
re{tt+1,... te}



the cost-to-go

finite state systems

t—1
T(to, x5 u(-) = Y £(a(7), ul(r)) + bl (tr))
V: TxX—>R V(t,x) = u(iTr)léU J(t, xz;u(-))
Te{t,t+1,...,t}

If t =t



the cost-to-go

finite state systems

t—1
T(to, x5 u(-) = Y £(a(7), ul(r)) + bl (tr))
V: TxX—>R V(t,x) = u(iTr)léU J(t, xz;u(-))
Te{t,t+1,...,t}

If t =t

V(ina) = inf (i 2z ()



the cost-to-go

finite state systems

t—1

I(to, 203 u(-) = Y £(a(r), ulr)) + E(a(t))
V: TxX—=R V(t,z) = (ir)léU J(t, xz;u(-))
Te{t,t+1,..., 1}

If t =t

V(o) = inf J(; (k)
= inf le(z) = le(z
ey A =)
independent

of u(ty)



the cost-to-go

finite state systems

J(to, ao; Zé ) + il (k)
T=1o
V: TxX—>R V(t,z) = inf J(t, z;u(-))
u(T)eU

re{t,t+1,...t}



the cost-to-go

finite state systems

J(to, 20; u

Vi TxX—=>R

If t =t —1:

ZE

T=1o

V(t,x) =

) + Le(2(tr))

inf
u(T)€
Te{t,t+1

U

.....

te}

J(t, w5 u(-))



the cost-to-go

finite state systems

J(to, ao; ZE ) + il (k)
T=1o
V: TxX—>R V(t,z) = inf J(t, z;u(-))
u(T)eU
Te{t,t+1
If t =t —1:
Vitg—1,2) = inf —J(t— 1,75 u())

u(te—1),u(ty)e U



the cost-to-go

finite state systems

J(to, ao; Zﬁ ) + il (k)
T=1o
V: TxX—>R V(t,z) = inf J(t, z;u(-))
u(T)eU

re{t,t+1,..., 1}
If t =t —1:

—1l,z)=  inf  J(—1,zu(-
Ve L0) = ey " 1 el)

- u(q_1i)1}qf(tf)eU{£(m(tf — Dy ulte— 1)+ (z(t)) )

independent of wu(t) depend on both
u(te — 1) and u(t)



the cost-to-go

finite state systems

J(to, ao; Zﬁ ) + il (k)
T=1o
V: TxX—>R V(t,z) = inf J(t, z;u(-))
u(T)eU

re{t,t+1,... 1}
If t =t —1:

~1l,2)=  inf  J(tr—1,z;u(-
V= L9 = e 70 50

- u(q_1i)1}qf(tf)eU{£(m(tf — Dy ulte— 1)+ (z(t)) )

independent of wu(t) depend on both
u(te — 1) and u(t)

= inf {60+ V(i 0, 0)}



the cost-to-go

finite state systems

t—1
I(to, a3 u(-)) = Y £a(r), u(r)) + li(x(t))
V:TxX—R V(t,z) = inf J(t, z;u(-))



the cost-to-go

finite state systems

t—1
I(to, a3 u(-)) = Y £a(r), u(r)) + li(x(t))
V:TxX—R V(t,z) = inf J(t, z;u(-))

For ¢t < t:



the cost-to-go

finite state systems

te—1

T(to, o3 () = Y (a(r), u(r)) + (k)
T=1o

V: TxX—>R V(t,x) = inf J(t, z;u(-))
u(T)elU
TE{t,t+1,.., e}
For ¢t < t:
Vit,z) = inf J(t, z; u(:
(to)= i J(tazul)
TE{t, 41,0t}

= inf {0z, u) + V(t+1,6(z, u))}



Bellman equation

finite state systems

t—1
I(to, a3 u(-)) = Y £a(r), u(r)) + bi(x(t))
V: TxX—->R V(t,z) = inf J(t, z;u(-))

u(r)eU
re{t,t+1,... ¢}



Bellman equation

finite state systems

t—1
I(to, a3 u(-)) = Y £a(r), u(r)) + bi(x(t))
V: TxX—->R V(t,z) = inf J(t, z;u(-))

u(t)eU
re{t,t+1,... ¢}

Bellman equation:

V(tg, x) = le(x) forall z € X
V(t,z) = igg{é(m’ u)+ V(t+1,¢(z,u)}

for all z € X and all t € {to, to1,..., s — 1}



computational complexity

finite state systems
J(to, 03 u(-)) = > €(a(7), u(r)) + Le(x(k))

brute force search:
o( U™ x | T| x | X|)

z(t) € X ={z1,22,..., 20} |X|: cardinality of X
u(t) € U={{w,un,...,un} | U]
teT={lttl....6} ||



computational complexity

finite state systems
J(to, 03 u(-)) = > €(a(7), u(r)) + Le(x(k))

brute force search:
o( U™ x | T| x | X|)

DP algorithm:
z(t) € X ={z1,22,..., 20} |X|: cardinality of X
u(t) € U={{w,un,...,un} | U]

te T={toto+1,....t}  |T|



computational complexity

finite state systems
J(to, 03 u(-)) = > €(a(7), u(r)) + Le(x(k))

brute force search:
o( U™ x | T| x | X|)

DP algorithm:
O(|U] > [X] x| T1)
z(t) € X ={z1,22,..., 20} |X|: cardinality of X
u(t) € U={{w,un,...,un} | U]

te T={toto+1,....t}  |T|



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V(ts, x) = le(z) forall z € X
V(t,z) = ;g%{@(m, u)+ V(t+1,¢(z,u))}

for all z € X and all t € {to, to+1, ...

7tf_1}



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forallz e X
V(t, z) = 323{6(95, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{Z(x, u)+ V(t+1,¢(z,u)}

7tf_1}



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forall z € X
V(t, z) = ggg{e(x, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{ﬁ(x, u)+ V(t+1,¢(z,u)}

State feedback control:

7tf_1}

u(t) = u(a(t)) = arg min{{(a(t), w) + V(¢ +1,0(a(t), u))}

computed using the measured state z(t)

2(t+1) = ¢(a(t), u(t))  a(to) = a0 € X
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decentralized optimal control
» decentralization and integration via mechanism design



