Advanced Control Systems Engineering I:
Optimal Control



contents

optimal control

nonlinear dynamical systems and linear approximations
dynamic programming

the principle of optimality

optimal control of finite state systems

optimal control of discrete-time systems

optimal control of continuous-time systems

optimal control of linear systems

vV vVvyvVvyyvyVvyYyVvyy

decentralized optimal control
» decentralization and integration via mechanism design



finite state systems

optimal control problem
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finite state systems

optimal control problem
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finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={tto+1,...,%}

¢p: XxU—X z(t+1) = p(z(t), u(t))
0: XxU—R 0(z(t), u(t))
b X >R Ce(a(t))

Let z(ty) = ap € X be given, and consider the optimal control problem:
t—1
T(to, 203 u(-) = Y A(a(7), ulr)) + E(a(t))

T:to

inf J su(
3L T los i ul)
TeT



the cost-to-go

finite state systems

te—1

I(to, 203 u(-) = Y £a(r), ulr)) + E(a(tr))

T=1%o



the cost-to-go

finite state systems

t—1
I(to, 203 u(-) = Y £a(r), ulr)) + E(a(tr))
V: TxX—R V(t,z) = inf J(t, z;u(-))



the cost-to-go

finite state systems

t—1
T(to, a0 u(-) = D £(a(7), ul7)) + b(a(ty))
V: TxX—>R V(t,x) = inf J(t, z;u(-))

Bellman equation:

V(ts, x) = le(x) forall z € X
V(t,z) = Jgg{f(m, u)+ V(t+1,¢(z,u))}

for all z € X and all ¢t € {to, to41,...,tr — 1}



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V(ts, x) = le(z) forall z € X
V(t,z) = ;g%{@(m, u)+ V(t+1,¢(z,u))}

for all z € X and all t € {to, to+1, ...

7tf_1}



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forallz e X
V(t, z) = 323{6(95, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{Z(x, u)+ V(t+1,¢(z,u)}

7tf_1}



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forall z € X
V(t, z) = ggg{e(x, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{ﬁ(x, u)+ V(t+1,¢(z,u)}

State feedback control:

7tf_1}

u(t) = u(a(t)) = arg min{{(a(t), w) + V(¢ +1,0(a(t), u))}

computed using the measured state z(t)

2(t+1) = ¢(a(t), u(t))  a(to) = a0 € X



example00

finite state systems

define V: X — R;:

20
10
11
0

V(x13)
V(z14)
V(m5)
V(216)

V.

) =29

V($5
Vi(zg) = 31
V(ar)

V(.Z‘l) =40

27
18
16

V(m10)
V(z‘n)
V(zlz)

V(.’Ez) =35
V(x3)

25
23

36
29

V()

V(z4)

cost-to-go

V(z;) provides the optimal cost starting from z;



example00

finite state systems

State feedback control:

u(t) = u(a(t)) = argmin{0(e(t), w) + V(i +1,6(x(1), w)}
computed using th;rmeasured state z(t)

ot +1) = o(z(t), u(t)) (o) = € X




example

finite state systems

z(t) € X ={a1, 2, 24,25} w(t) € U={u,u,uz} teT={123}

¢p: XxU—X z(t+1) = ¢(x(t), u(t))

(: XxU—=R 0(z(t), u(t))

ff X R gf(x(tf))

qb(xi,uj) || U1 U us E(l‘i,uj') || U1 U us || Ef(l‘i)

T r3 x1 X5 T 1 5 3 T 1
T2 T4 I3 i) To 4 1 2 To 2
T3 Ty Ty X4 T3 2 3 1 T3 3
T4 T1 i) X1 Ta 3 4 5 Ta 4
I5 T5 T4 I3 T5 5 2 4 T5 5



example

finite state systems

z(t) € X ={a1, 2, 24,25} w(t) € U={u,u,uz} teT={123}

Let (1) € X be given, and consider the optimal control problem:

2
J(L (L) u()) =Y la(r), u(r)) + b(2(3))

L L))

qb(xi,uj) || U1 U us E(l‘i,uj') || U1 U us || Ef(l‘i)
T r3 x1 X5 T 1 5 3 T 1
T2 T4 I3 i) To 4 1 2 To 2
T3 Ty Ty X4 T3 2 3 1 T3 3
T4 T1 i) X1 Ta 3 4 5 Ta 4
I5 T5 T4 I3 T5 5 2 4 T5 5



example

finite state systems

z(t) € X = {x1, 2, 24, 75}

u(t) € U= {u,ug, uz}

teT={1,23}

Let 2(1) € X be given, and consider the optimal control problem:

I
Pgw

T=1
= £(x(1), u(1)) + £(x(2), w(2)) + Le(2(3))
inf J(1,z(1);u
u(1),u(2)eU (L, 2(L); u(-))
Olxi,ug) || va up  wug Lwiug) || un ug  us Le(x;) V(l,z) V(2,2;) V(3,2;)
T T3 T Ty T 1 5 3 T 1 T
To Ty T3 To To 4 1 2 To 2 To
T3 Ty Ty T4 T3 2 3 1 T3 3 T3
T4 T Xy X Ty 3 4 5 Ty 4 T4
T5 Ts T4 X3 5 5 2 4 T5 5 T5




Bellman equation

example

V(ty, x) = le(z) forall z € X
V(t,z) = 5161%{6(30, u)+ V(t+1,¢(z,u))}

for all z € X and all ¢t € {to, to41,...,tr — 1}



Bellman equation

example

V(ty, x) = le(z) forall z € X

V(t,z) =

inf {6(z,u) + V(t+1,6(z, u))}

for all z € X and all ¢t € {to, to41,...,tr — 1}

V(3,z) = le(x) forall z € X
V(2,z) = igi{"f{f(z, u)+ V(3,¢(z,u))} forallze X

V(l,z) = ulgiz]{é(x, u)+ V(2,¢(z,u))} forallze X



the cost-to-go

example

t=3: V(3,x) = le(x) forall z € X
T 1 X1
T2 2 X2
T3 3 T3
T4 4 T4
Iy 5 Iy



the cost-to-go

example

t=3: V(3,x) = le(x) forall z € X
T 1 X1 1
T2 2 X2 2
T3 3 T3 3
T4 4 T4 4
Iy 5 Iy 5



the cost-to-go

example

t=2:

V(2,z) = ulgiz]{é(x, u)+ V(3,¢(z,u))} forallze X

O(xi, uj) || uy U ug 0z, uy ) H w1 Uz U3 || V(l,2;) V(2,2;) V(3,2;)
T T3 T T5 T 1 5 3 T 1
ZTro Ty T3 ZTo ZTo 4 1 2 T 2
T3 T T5 Tg T3 2 3 1 T3 3
Ty x4 X2 T T4 3 4 5 Ty 4
s Ts T4 X3 5 5 2 4 s 5



the cost-to-go

example

t=2:

V(2,z) = ulgiz]{é(x, u)+ V(3,¢(z,u))} forallze X

V(27Z1) = inf {E(‘Tl,u)‘i‘ V(3,(;5(JJ1,’U,))} =4
UE U N

1 3

5 1

3 5

O(xi, uj) || uy U ug 0z, uy ) H w1 Uz U3 || V(l,2;) V(2,2;) V(3,2;)

T T3 T T5 T 1 5 3 T 1
ZTro Ty T3 ZTro ZTo 4 1 2 T 2
T3 T T5 Tg T3 2 3 1 T3 3
Ty x4 X2 T T4 3 4 5 Ty 4
s Ts T4 X3 s 5 2 4 s 5



the cost-to-go

example

t=2:

V(2,z) = igg{é(z, u)+ V(3,¢(z,u))} forallze X

V(2,22) = inf {l(z2,u) + V (3, (12, u))} =4
UEU N —r

4 4

1 3

2 2

O(xi, uj) || w1 Uz U3 0z, u ) H uy Uz ug || V(1,2;) V(2,2;) V(3,24)

X1 T3 X1 I5 X1 1 5 3 X1 1
X2 Xyq T3 X9 X9 4 1 2 X2 2
T3 ) T5 Ta T3 2 3 1 T3 3
T4 Ty ) Tl Ty 3 4 5 Ty 4
s Is5 Ty T3 Ts5 5 2 4 s 5



the cost-to-go

example

t=2:

V(2,z) = igg{é(z, u)+ V(3,¢(z,u))} forallze X

V(2,23) = ing{é(xg, u)+ V(3, (w3, u))} =4
ue —_—— N———

2 2

3 5

1 4

O(xi, uj) || w1 Uz U3 Uxi,uy) H uy Uz ug || V(l,2;) V(2,2;) V(3,24)

T r3 T1 Xj T 1 5 3 T 1
X2 XTyg T3 i) i) 4 1 2 X2 2
T3 ) T5 Ta T3 2 3 1 T3 3
Ty xry X2 T1 T4 3 4 5 Ty 4
x5 x5 X4 T3 5 5 2 4 x5 5



the cost-to-go

example

V(2,z) = igg{é(z, u)+ V(3,¢(z,u))} forallze X

V(2,z4) = inf {l(ag,u) + V(3,¢0(z4,u))} =4
UE U N

3 1

4 2

5 1

b(wiug) | wr us ug Uziyug) || us  up  ug | V,z) V(2,2) V(3,2)

T I3 T ZTs5 T 1 5 3 T 1
xTo T4 T3 xTro xTro 4 1 2 i) 2
T3 ) Ts Ty T3 2 3 1 T3 3
Ta X1 Zo X1 Xy 3 4 5 Xy 4
ZT5 ZTs Ta T3 T5 5 2 4 ZT5 5



the cost-to-go

example

V(2,z) = igg{é(z, u)+ V(3,¢(z,u))} forallze X

V(2,125) = inf {(x5,u) + V(3,¢(z5,u))} =6
UE U N

5 5

2 4

4 3

b(wiug) | wr us ug Uziyug) || us  up  ug | V,z) V(2,2) V(3,2)

T I3 T ZTs5 T 1 5 3 T 1
xTo T4 T3 xTro xTro 4 1 2 i) 2
T3 ) Ts Ty T3 2 3 1 T3 3
Ta X1 Zo X1 Xy 3 4 5 Xy 4
ZT5 ZTs Ta T3 T5 5 2 4 ZT5 5



the cost-to-go

example

V(2,15) = 51615{6(:1:5, u)+ V(3,¢(z5,u))} =6

V(2,z) = igg{é(z, u)+ V(3,¢(z,u))} forallze X

5 5

2 4

4 3

dwisuy) | ua up ug aiyug) | ur up ug | VA,2:) V(2,2) V(3,)

T I3 T ZTs5 T 1 5 3 T 4 1
xTo T4 T3 xTro xTro 4 1 2 i) 4 2
T3 ) Ts5 Ty T3 2 3 1 T3 4 3
Ta X1 Zo X1 Xy 3 4 5 Xy 4 4
ZT5 ZTs Ta T3 T5 5 2 4 ZT5 6 5



the cost-to-go

example

V(l,z) = ;gg{ﬁ(z, u)+ V(2,¢0(z,u))} forallze X

¢(Ii7u]') ” ul Uug us K(IZUJ) H Uul (%) us || V(lxl) V(2,CL’1) V(S,CL’Z)
Xy X3 Xy T5 Xy 1 5 3 Xy 4 1
T2 Ty X3  T9 T2 4 1 2 X0 4 2
x3 i) T5 Ta T3 2 3 1 x3 4 3
Ty T T2 T Ty 3 4 5 Ty 4 4
s Trs x4 X3 s 5 2 4 s 6 5



the cost-to-go

example

V(l,z) =

igf(‘]{ﬁ(z, u)+ V(2,¢0(x,u))} forallze X

V(1,21) = inf {{(z1,u) + V(2,¢(z1,u))} =5
UE U N

1 4

5 4

3 6

¢(xi7uj) ” ul Uug us K(IZUJ) H Uul (%) us || V(lIl) V(2,CL’1) V(S,CL’Z)

T r3 x1  Xj T 1 5 3 T 4 1
T Ty X3  T9 T 4 1 2 T 4 2
x3 X9 T5 Xy T3 2 3 1 x3 4 3
Ty Ty xTro Tl T4 3 4 5 Ty 4 4
s x5 X4 T3 5 5 2 4 x5 6 5



the cost-to-go

example

V(l,z) =

igf(‘]{ﬁ(z, u)+ V(2,¢0(x,u))} forallze X

V(1,21) = inf {{(z1,u) + V(2,¢(z1,u))} =5
UE U N

1 4

5 4

3 6

¢(xi7uj) ” ul Uug us K(IZUJ) H Uul (%) us || V(lIl) V(2,CL’1) V(S,CL’Z)

T r3 x1  Xj T 1 5 3 T 5 4 1
T Ty X3  T9 T 4 1 2 T 5 4 2
x3 X9 T5 Xy T3 2 3 1 x3 5 4 3
Ty Ty xTro Tl T4 3 4 5 Ty 7 4 4
Ts Is5 Ta T3 Ts 5 2 4 Is 6 6 5



sample response
example

consider the initial condition z(1) = x5:

O(xi, uj) H Uy Uz U3 0w, uy) H Uy Uz U3 || le(x;) H V(l,z) V(2,z;) V(3,25)
T r3 T1 X5 1 1 5 3 T 1 T 5 4 1
o Ty T3z o T2 4 1 2 To 2 To 5 4 2
T3 To Ty T4 3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 5 T4 T3 T5 5 2 4 5 5 5 6 6 5



sample response

example
consider the initial condition z(1) = x5:
z(l) = x5

O, uj) H wup Uz U3 i, uy) H Uy Uz U3 || le(x;) H V(l,z) V(2,z;) V(3,2)
T r3 T1 s 1 1 5 3 T 1 T 5 4 1
To Ty T3 Ta T2 4 1 2 To 2 To 5 4 2
T3 To Ty T4 3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 5 x4 X3 5 5 2 4 T5 5 5 6 6 5



sample response

example

consider the initial condition z(1) = x5:

z(l) = x5

uw(l) = argmin{l(zs, u) + V (2, ¢(z5, u))} = U
UEU N e’

5 6

2 4

4 4

O(xi, uj) H up Uz U3 0w, uy) H up Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)

i T3 T s 1 1 5 3 1 1 i 5 4 1
o Ty T3 Xa To 4 1 2 To 2 To 5 4 2
T3 To Ty X4 T3 2 3 1 T3 3 T3 5 4 3
Ty T X2 Ty Ty 3 4 5 Ty 4 Ty 7 4 4
5 T5 x4 T3 T5 5 2 4 T5 5 T5 6 6 5



sample response

example

consider the initial condition z(1) = x5:

z(l) = x5

u(1) = argmin{{(z5, u) + V(2, $(as, u))}
5 6
2 4
4 4

2(2) = (75, u2) = 74

= UQ

O(xi, uj) H up Uz U3 0w, uy) H up Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)
T T3 X1 X5 T 1 5 3 T 1 T 5 4 1
o T4 X3 X2 T2 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 s T4 T3 5 5 2 4 5 5 5 6 6 5



sample response

example
consider the initial condition z(1) = x5:

z(l) = x5
u(l) = argmin{l(z5, u) + V(2, ¢(
UE U N
5
2
4

2(2) = (75, u2) = 74

6
4
4

T55 u))}

U2

w(2) = argmin{l(zg, u) + V(3, ¢(x4, u))} w
UEU e —~

3 1

4 2

5 1

O(wi, uj H up Uz U3 0w, uy) H up Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)

T T3 X1 X5 1 1 5 3 T 1 T 5 4 1
o T4 X3 X2 T2 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 s T4 T3 Ts5 5 2 4 5 5 x5 6 6 5



sample response

example

consider the initial condition z(1) = x5:

z(l) = x5
uw(l) = argmin{l(zs, u) + V (2, ¢(z5, u))} = U
UE U N
5 6
2 4
4 4
2(2) = (75, u2) = 14
w(2) = argmin{l(zg, u) + V(3, ¢(x4, u))} =
UEU e —~
3 1
4 2
5 1
2(3) = ¢(r4,w1) = m
(@i, uj H Uy Uz U3 Lz, uy) H uy Uz U3 || le(x;) H V(l,z) V(2,z;) V(3,25)
T T3 Xy X T 1 5 3 T 1 T 5 4 1
o T4 X3 X2 To 4 1 2 To 2 To 5 4 2
T3 To Ty T4 3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 5 T4 X3 5 5 2 4 5 5 5 6 6 5



sample response

example

consider the initial condition z(1) = x5:

min  J(1, z5;u(-)) = (x5, u2) + (24, ur) + le(x1)
u(l),u(2)eU
=24+3+1=6=V(1,5)

O(xi, uj) H Uy Uz U3 0w, uy) H Uy Uz U3 || le(x;) H V(l,z) V(2,z;) V(3,25)
T T3 x1 X T 1 5 3 T 1 T 5 4 1
o T4 X3 X2 To 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 T3 2 3 1 T3 3 T3 5 4 3
T4 T Ty X T4 3 4 5 T4 4 T4 7 4 4
T5 5 T4 T3 5 5 2 4 5 5 5 6 6 5



computer exercise

finite state systems



computer exercise

finite state systems
Bellman equation:

V(tg, z) = le(x)
V(t,z) = irelg{ﬁ(x, u)+ V(t+1,¢(z,u))}

forall z € X

for all z € X and all ¢t € {ty, to41,...,tr— 1}

O(wi, uj) H Uy Uz U3 0z, uy) H Uy Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)
T T3 X1 X T 1 5 3 T 1 T 5 4 1
To T4 X3 X2 To 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 T3 2 3 1 T3 3 T3 5 4 3
T4 T Ty I T4 3 4 5 T4 4 T4 7 4 4
5 T5 x4 T3 T5 5 2 4 T5 5 T5 6 6 5



computer exercise

finite state systems

Bellman equation:

V(tg, z) = le(x)
V(t,z) = ig%{ﬁ(x, u)+ V(t+1,¢(z,u))}

forall z € X

for all z € X and all ¢t € {ty, to41,...,tr— 1}

O(wi, uj H Uy Uz U3 0z, uy) H Uy Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)
T T3 X1 X T 1 5 3 T 1 T 5 4 1
To T4 X3 X2 To 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 T3 2 3 1 T3 3 T3 5 4 3
T4 T Ty I T4 3 4 5 T4 4 T4 7 4 4
5 T5 x4 T3 T5 5 2 4 T5 5 T5 6 6 5

data: ¢, n x m table (matrix)

¢, n x m table (matrix)
U, n x 1 table (vector)



computer exercise

finite state systems

Bellman equation:

V(ty, x) = le(z) forall z € X
V(t,z) = ig%{ﬁ(x, u)+ V(t+1,¢(z,u))}

for all z € X and all ¢t € {ty, to41,...,tr— 1}

O(wi, uj) H Uy Uz U3 0z, uy) H Uy Uz U3 || le(x;) H V(l,z;)) V(2,z;) V(3,2)
T T3 X1 X T 1 5 3 T 1 T 5 4 1
To T4 X3 X2 To 4 1 2 To 2 To 5 4 2
T3 Ty Xz X4 T3 2 3 1 T3 3 T3 5 4 3
T4 T Ty I T4 3 4 5 T4 4 T4 7 4 4
5 T5 x4 T3 T5 5 2 4 T5 5 T5 6 6 5

data: ¢, n x m table (matrix)
¢, n x m table (matrix) output: V, n x m table (matirx)
U, n x 1 table (vector)



computational complexity

finite state systems
J(to, 03 u(-)) = > €(a(7), u(r)) + Le(x(k))

brute force search:
o( U™ x | T| x | X|)

DP algorithm:
O(|U] > [X] x| T1)
z(t) € X ={z1,22,..., 20} |X|: cardinality of X
u(t) € U={{w,un,...,un} | U]

te T={toto+1,....t}  |T|



contents

optimal control

nonlinear dynamical systems and linear approximations
dynamic programming

the principle of optimality

optimal control of finite state systems

optimal control of discrete-time systems

optimal control of continuous-time systems

optimal control of linear systems

vV vVvyvVvyyvyVvyYyVvyy

decentralized optimal control
» decentralization and integration via mechanism design



