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finite state systems

optimal control problem
z(t) € X ={z1,22,..., 2}
u(t) € U= {up,ug,..., un}
te T={to,to+1,...,1%}



finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={to,to+1,...,1%}
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: X =R Ce(x(t))



finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={tto+1,...,%}

¢p: XxU—=X z(t+1) = ¢(z(t), u(t))
0: XxU—R 0(z(t), u(t))
b X - R Ce(a(t))

Let z(ty) = p € X be given, and consider the optimal control problem:
t—1
T(to, 203 u(-) = Y A(a(7), ulr)) + E(a(t))

T:to

inf J su(
3L T los i ul)
TeT



state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V(ts, x) = le(z) forall z € X
V(t,z) = ;g%{@(m, u)+ V(t+1,¢(z,u))}

for all z € X and all t € {to, to+1, ...
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state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forallz e X
V(t, z) = 323{6(95, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{Z(x, u)+ V(t+1,¢(z,u)}
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state feedback implementation
finite state systems
Let V: T x X — R be a solution to

V (e, z) = le(z) forall z € X
V(t, z) = ggg{e(x, u) + V(t+1,¢(z,u)}

for all z € X and all t € {to, to+1, ...

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg zréirUl{ﬁ(x, u)+ V(t+1,¢(z,u)}

State feedback control:

7tf_1}

u(t) = u(a(t)) = arg min{{(a(t), w) + V(¢ +1,0(a(t), u))}

computed using the measured state z(t)

2(t+1) = ¢(a(t), u(t))  a(to) = a0 € X



finite state systems

optimal control problem
z(t) e X ={a1,20,...,2,}
u(t) € U= {up,ug,..., un}
te T={tto+1,...,%}

¢p: XxU—X z(t+1) = p(z(t), u(t))
0: XxU—R 0(z(t), u(t))
b X >R Ce(a(t))

Let z(ty) = ap € X be given, and consider the optimal control problem:
t—1
T(to, 203 u(-) = Y A(a(7), ulr)) + E(a(t))

T:to

inf J su(
3L T los i ul)
TeT



discrete-time systems

optimal control problem

te T={to,to+1,...

u(t) e R™

; B}



discrete-time systems

optimal control problem

a(t+1) = f(z(t),u(?)  a(to) =0
z(t) e R
For a given z(f) = 29 € R"
t—1

u(t) e R™



discrete-time systems

optimal control problem

a(t+1) = f(z(t),u(®))  2(to) =20 te€T={t,to+1,....%}
z(t) € R" u(t) € R™



the cost-to-go

discrete-time systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, o; u( Zﬁ )) + Le((t))

T=1p

inf  J(to, 70; u(-))

u(T)eR™
TeT



the cost-to-go

discrete-time systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, 70 u Ze ) + Le((t))

T=1o

inf  J(to, 70; u(-))

u(T)eR™
TeT

define the cost-to-go:



the cost-to-go

discrete-time systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, 70 u Ze ) + Le((t))

T=1o

inf  J(to, 70; u(-))

u(T)eR™
TeT

define the cost-to-go:

V: TxR" >R V(t,x) = (i;af]R J(t, z;u(-))
u(T)ER™
TE{t,t+1,...,4}



the cost-to-go

discrete-time systems

Let z(#) = a2 € X be given, and consider the optimal control problem:

J(to, 70 u Ze ) + Le((t))

T=1p

inf  J(to, 70; u(-))

u(T)eR™
TeT

define the cost-to-go:

V: TxR" >R V(t,x) = (i;af]R J(t, z;u(-))
u(T)ER™
TE{t,t+1,...,4}

computing the cost-to-go V (o, 2p) from the initial state z; at the initial
time fy essentially amounts to minimize the cost J(fy, xo; u(-))



the cost-to-go

discrete-time systems

t—1
T(to, 203 u(-)) = > (a(7), u(r)) + Le(a(h))
V: TxR">R V(t,z) =

Te{t,t+1

inf
u(r)eR™

.....

J(t, w5 u(-))



the cost-to-go

discrete-time systems

t—1
T(to, 203 u(-)) = > (a(7), u(r)) + Le(a(h))
V: TxR">R V(t,z) =

inf

u(r)eR™
Te{t,t+1

V(ty,z) = inf (i, 25 u(t))

u(tp) ER™

= inf le(x
i, )

= ff(x)

independent

of u(t)

.....

J(t, w5 u(-))



the cost-to-go

discrete-time systems

t—1
I(to, 203 u(-) = Y £(a(r), ulr)) + E(a(tr))
V: TxR" =R V(t,z) = U(Ti;aeme J(t, z;u(-))
Te{t,t+1,..., 1}

If t =t —1:



the cost-to-go

discrete-time systems

If t =t —1:
Vite—1,z) = inf J(tr— 1, z; u(-
( ) T S (= Lz u(-))

- inf {(U(a(te— 1), u(ts — 1))+ Le(z(t) }
——

u(te—1),u(t) ER™

independent of () depend on both
u(te — 1) and u(t)
— inf iz, 1 0
) Ll u(l = 1)) + . (z(t)) }
—

= V(tr, 2(t)) = V(t, f(@, u(ty — 1)))
= inf  {lz,u(te—1)) + V(g f(z,ulty — 1))}

u(tf—l)ERm
= inf {lz,u) + V(4 f(2,))}



the cost-to-go

discrete-time systems

t—1
T(to,a; u(-)) = Y £a(7), u(r)) + li(a())
V: TxR" =R V(t,z) = inf J(t, x5 u(-))



the cost-to-go

discrete-time systems

For ¢ < t:
(t, ) u(Tl)neRm (¢, @y u("))
TE{tﬂH—l,...,tf}
tr—1
i D MCURTORET
reltttlnt}
t—1
= inf Oz, u(t + Uz ) + Le(z(t;
u(T)ER™ t *( ) 721 et

Te{t,t+1,...,ty}  independent of u(7),
Te{t+Li+2,... 4} depend onall u(r), 7€ {t, t+1,...,

= inf {l(z,u(t))+ inf Z e )) + Le(a(ty)

u(t)eR™ u(T)ER™ —t1
Te{t+1,t42,....t}

— V(4 1,2(t4+ 1) = V(E+ 1, f(z, u(t)))
= inf {l(z.u(t)) + V(t+1,f(z. u(t))))



the cost-to-go

discrete-time systems

Vita) = inf o J(Lwu()
u(T)ER™
re{t,t+1,...,t}
te—1
= nf (D0 e, () + brla(t)}
re{t,t+1,... b} T=t
te—1
= inf Uz, u(t + l(x )+ ¢
u(r)ER™ { w th;rl t(z(t)) }
Te{t,t+1,..., te} independent of u(7),
Te{t+1,t+2,..., 4} depend on all u(7), 7 € {t,t+1,..., 1t}
te—1
= inf {l(z,u(?)) + inf Oz Y,
A+ D el )+ alt)]

re{t+1,t+42,....t}

=V(+1Lz(t+1) = V(t+ 1, f(z, ut)))

= inf {l(z,u(t)) + V(t+1,f(z,u(t)))}

u(t)ER™
= inf {((z,u) + V(i +1.f(z,0)}



Bellman equation:

discrete-time systems

T (to, 70; u Zé ) + Le(x())
T=1%o
Vi TxR"—>R V(t,z) = inf J(t, z;u(-))
u(T)ER™

re{t,t+1,...t}

Bellman equation:

V(tg, x) = le(x) for all z € R"
V(t,z) = uiérﬁ@fm{é(x, w)+ V(t+1,f(z,u))}

for all z € R"™ and all t € {to, to41,..., s — 1}



state feedback implementation
discrete-time systems
Let V: T x R™ — R be a solution to

V(ts, x) = le(z) for all z € R"
V(t,z) = uiergm{ﬁ(x, u)+ V(t+1, f(z,u)}

for all z € R™ and all t € {to, to+1, .- -

7tf_1}



state feedback implementation
discrete-time systems
Let V: T x R"™ — R be a solution to

V(tg, x) = le(x) for all z € R"
V(t,z) = uiergm{ﬁ(x, u)+ V(t+1, f(z,u)}

for all z € R™ and all t € {to, to+1, .- -

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg 1{161]%%%{5(% uw)+ V(t+ 1, f(z,u))}

)tf_l}



state feedback implementation
discrete-time systems
Let V: T x R"™ — R be a solution to

V(tg, x) = le(x) for all z € R"
V(t,z) = uielllg’"{g(x’ u)+ V(E+1, f(z,u)}

for all z € R"™ and all t € {to, to41,..., s — 1}

For a given x at time ¢, the optimal input u(t) is given as

u(t) = arg 7}161]%%%{5(% uw)+ V(t+ 1, f(z,u))}

State feedback control:

u(t) = u(z(t)) = arg min {£(z(t), u) + V(¢ +1, f(a(t), w))}
computed using the measured state z(t)

et +1) = fz(t),u(t))  z(bo) =weX
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